We explain how the techniques developed by I. Panin for the proof of the geometric case of the Serre-Grothendieck conjecture for isotropic reductive groups (I. Panin, A. Stavrova, N. Vavilov, 2015; I. Panin, 2019) yield similar injectivity and A 1 -invariance theorems for non-stable K 1 -functors associated to isotropic reductive groups. Namely, let G be a reductive group over a commutative ring R. We say that G has isotropic rank ≥ n, if every normal semisimple reductive R-subgroup of G contains (Gm ,R ) n . We show that if G has isotropic rank ≥ 2 and R is a regular domain containing a field, then
Introduction
Let R be a commutative ring with 1. Let G be a reductive group scheme over R in the sense of [SGA3] . We say that G has isotropic rank ≥ n, if every normal semisimple reductive R-subgroup of G contains (G m,R ) n .
The assumption that G has isotropic rank ≥ 1 implies that G contains a proper parabolic subgroup. For any reductive group G over R and a parabolic subgroup P of G, one defines the elementary subgroup E P (R) of G(R) as the subgroup generated by the R-points of the unipotent radicals of P and of an opposite parabolic subgroup P − , and considers the corresponding non-stable K 1 -functor K G,P 1 (R) = G(R)/E P (R) [PSt1, St14] . In particular, if A = k is a field and P is minimal, E(k) is nothing but the group G(k) + introduced by J. Tits [T1] , and K G 1 (k) is the subject of the Kneser-Tits problem [G] . If G = GL n and P is a Borel subgroup, then K G 1 (R) = GL n (R)/E n (R), n ≥ 1, are the usual non-stable K 1 -functors of algebraic K-theory.
If G has isotropic rank ≥ 2, then K G,P 1 (R) is independent of P by the main result of [PSt1] , and we denote it by K G 1 (R). See § 2 for a formal definition and further properties of K G 1 . In [St14] , we hproved that if G be a reductive group over a field k, such that every semisimple normal subgroup of G contains (G m ) 2 , then
for any n ≥ 1.
This implied the following two statements. First, provided k is perfect, one has
) for any regular ring A containing k. Second, provided that k is infinite and perfect, one has ker(K G 1 (A) → K G 1 (K)) = 1 for any regular local ring A containing k, where K is the field of fractions of A. Those results generalized several earlier results on split, i.e. Chevalley-Demazure, reductive groups; see [St14] for a historical survey.
In the present text we show how the techniques developed by I. Panin for the proof of the geometric case of the Serre-Grothendieck conjecture [PaStV15, Pa19, Pa18] allow to extend these results to the case where G is defined over A and k is an arbitrary field. The main results are the following.
Theorem 1.1. Let k be a field, let A be a regular ring containing k. Let G be a reductive group scheme over A of isotropic rank ≥ 2. Then there is a natural isomorphism
). Theorem 1.2. Let k be a field, let A be a semilocal regular domain containing k, and let K be the field of fractions of A. Let G be a reductive group scheme over A of isotropic rank ≥ 2. Then the natural homomorphism
Corollary 1.3. Let k be a field, let A be a semilocal regular domain containing k, and let K be the field of fractions of A. Let G be a simply connected semisimple group scheme over A of isotropic rank ≥ 2.
2. Properties of K G 1 over general commutative rings Let R be a commutative ring with 1. Let G be an isotropic reductive group scheme over R, and let P be a parabolic subgroup of G in the sense of [SGA3] . Since the base Spec R is affine, the group P has a Levi subgroup
We denote by U P and U P − the unipotent radicals of P and P − respectively.
The elementary subgroup E P (R) corresponding to P is the subgroup of G(R) generated as an abstract group by U P (R) and U P − (R). We denote by
Note that if L ′ P is another Levi subgroup of P , then L ′ P and L P are conjugate by an element u ∈ U P (R) [SGA3, Exp. XXVI Cor. 1.8], hence the group E P (R) and the set K G,P 1 (R) do not depend on the choice of a Levi subgroup or an opposite subgroup P − (and so we do not include P − in the notation).
If P is a strictly proper parabolic subgroup and G has isotropic rank ≥ 2, then K G,P 1 is group-valued and independent of P . The normality of the elementary subgroup implies that K G 1 is a group-valued functor. We will use the following two properties of K G 1 established in [St14, St15] . The following lemma was established in [Su, Corollary 5 .7] for G = GL n .
Lemma 2.5. [St15, Lemma 2.7] Let A be a commutative ring, and let G be a reductive group scheme over A, such that every semisimple normal subgroup of G is isotropic. Assume moreover that for any maximal ideal m ⊆ A, every semisimple normal subgroup of G Am contains (G m,A m ) 2 . Then for any monic polynomial f ∈ A[x] the natural homomorphism
The following statement was proved for G = GL n , n ≥ 3, in [Su, Th. 3.1] . For the case of split semisimple groups the same result was obtained by Abe in [A, Th. 1.15] .
Lemma 2.6. [PSt1, Lemma 17] Let A be a commutative ring, and let G be a reductive group scheme over A, such that every semisimple normal subgroup of G is isotropic. Assume moreover that for any maximal ideal m ⊆ A, every semisimple normal subgroup of G Am contains (G m,A m ) 2 . Then for any g(X) ∈ G (A[X] ) such that g(0) ∈ E(A) and F m (g(X)) ∈ E(A m [X]) for all maximal ideals m of A, one has g(X) ∈ E (A[X] ).
The following lemma is a straightforward extension of [V, Lemma 2.4 ] for G = GL n and [A, Lemma 3.7] for split reductive groups.
Lemma 2.7. [St14, Corollary 3 .5] Let G be a reductive group of isotropic rank ≥ 2 over a commutative ring B. Let φ : B → A be a homomorphism of commutative rings, and h ∈ B, f ∈ A non-nilpotent elements such that φ(h) ∈ f A × and φ : B/Bh → A/Af is an isomorphism. Assume moreover that the commutative square
is a distinguished Nisnevich square in the sense of [MoV, Def. 3.1.3] . Then the sequence of pointed sets
Proof of the main results
The following theorem proved in [Pa19] extends [PaStV15, Theorem 7 .1] to arbitrary reductive groups G and arbitrary fields k.
Theorem 3.1. [Pa19, Theorem 2.5 ] Let X be an affine k-smooth irreducible k-variety, and let x 1 , x 2 , . . . , x n be closed points in X. Let U = Spec(O X,{x1,x2,...,xn} ) and f ∈ k[X] be a non-zero function vanishing at each point x i . Let G be a reductive group scheme over X, G U be its restriction to U . Then there is a monic polynomial h ∈ O X,{x1,x2,...,xn} [t], a commutative diagram of schemes with the irreducible affine U -smooth Y (1)
and a morphism δ : U → Y subjecting to the following conditions: (i) the left hand side square is an elementary distinguished Nisnevich square in the category of affine U -smooth schemes in the sense of [MoV, Def. 3.1.3]; (ii) p X • δ = can : U → X, where can is the canonical morphism;
Theorem 3.2. Let k be a field, let A be a semilocal ring of several closed points on a smooth irreducible k-variety, and let K be the field of fractions of A. Let G be a reductive group over A such that every semisimple normal subgroup of G contains (G m ) 2 . Then for any Noetherian k-algebra B, the natural map K G 1 (A ⊗ k B) → K G 1 (K ⊗ k B) has trivial kernel.
Proof. Let g ∈ ker(K G 1 (A ⊗ k B) → K G 1 (K ⊗ k B) ). Then there are a smooth irreducible affine kvariety X = Spec(C) and f ∈ C = k[X] such that A is a semilocal ring of several closed points on X, G is defined over X and every semisimple normal subgroup of G contains (G m ) 2 over X, and g is defined over C ⊗ k B and g ∈ ker(K G 1 (C ⊗ k B) → K G 1 (C f ⊗ k B)). Apply Theorem 3.1. Multiply the diagram (1) of U -schemes by U × k Spec B. By Lemma 2.7 there is an element
, such thatg(0) = g. Since h is monic, by Lemma 2.5 we haveg(x) = 1. Hence g = 1.
